Lecture 10

Properties of Expectation

1. For constants a,b € R,
ElaX 4+ b] = a E[X] + b.

2. For constants a,b € R,

Var(aX +b) = E[(aX +b)*] — (E[aX + b])2 = a* Var(X).

Moments
e The first moment is the expectation:
E[X].
e The second central moment is the variance:
Var(X).
e In general, the r-th central moment about the mean is

e = B[(X — ELX)].

Existence of Moments

If E[X"] exists for some r, then F[X*] also exists for all s < r.

Moment Generating Function (MGF)

Let X be a continuous random variable with pdf fx(z). The Moment Generating Function
(MGF) of X, denoted by Mx(t), is defined as:

MX(t) =F (etX) s

provided the expectation exists.
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Example 1

Mean: ]
E(X)=-

(X) =7

Second Moment: 3

Variance:

Moment Generating Function

Mx(t) = E () = e Py

1 1 1
Mx(t) = ~e 7t 4+ = + =¢t
x(t) 46 +4+26
The pdf is
L 0<ax<2
) = 29 ’
/() {O, otherwise.
The MGF is )
1
Mx(t):/ e —dx
0
1 [etr]? 1 /e —1
My(t)==-|—| == t#0
<) = M () e
Thus,
e?t —1
Mx(t) = t#£0
x(t) 5 U F
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Example 2

The pdf is

flx)=e",
The MGF is

MX(t):/ e_’”emd:z::/ e~ (=07 dg..
0 0

This integral converges only when ¢ < 1.

So,

— t< L
1—t
For t < 1, the MGF of X exists and we can expand:

STRNET

$?2X2  $3X3
Mx(t):E[etX]:E[l—I—tX—l— + .-

2

t
My(t) = 1+t B[X] + 5

E[X* 4+ -
From the series expansion,

EIX) = Lo

dt =0

n dn
E[X"] = —-Mx(t)] -
t=0

Result

If X and Y are two random variables such that

MX (t) = MY<t)7

then X and Y are identically distributed, that is, both X and Y follow same probability
distribution.
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Example

Let
X:-1,0,1, PX)=3, 3 3.

Then,
EX]=(-1)-340-35+(1)-3=0.

The moment generating function (MGF) may not exist for all values of ¢. For some
distributions, the integral

M) = [ e fa)da

o0

diverges for certain t.

Thus,
|Mx(t)] £ oo (MGF need not be always bounded).

Characteristic Function (CF)
The characteristic function of a random variable X is defined as

ox () = B[] = / " o f () da.

—00

Property

Since |e*| = 1,

ox(t)] < / et f () dir = / Y fw)de =1,

—00

Hence,
lox(t)] <1 for all ¢.

Note:

e MGFs may not exist always.
e Characteristic functions always exist.
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